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Topic

Your topic will be the investigation and/or development of algorithms
for the symbolic rewriting (simplification) of equations with the in-
tent to minimize the required floating point operations in the numeric
evaluation of these equations. This is complicated by the fact that
these equations contain products of tensor elements (so-called tensor
networks) as they arise from tensor contractions.

This problem can either be tackled as a general (very high-dimensional)
optimization problem for which viable algorithms include

o Heuristic 2-step algorithm (Hartono et al. [1])
o Genetic algorithms (Engels-Putzka & Hanrath [2])

Alternatively, the problem can be recast as a shortest path problem on an exponentially large graph. In
this setting the following algorithms or related problems could be relevant:

o Dijkstra’s / A* algorithm
¢ Bellman-Ford algorithm
o Combinatorial optimization, e.g. the Generalized Traveling Salesman Problem (Pop et al. )

Finally, it might be possible to train and apply some form of machine learning to this optimization
problem, either in the graph formulation (Peng et al. ) or in the original setting of the problem.

Prerequisite for this topic is that you are proficient in at least one programming language (e.g. Python)
that you will use to implement and explore the different optimization strategies.

Motivation

Now to the question how the above relates to (Theoretical) Chemistry. The implementation of quantum
chemical methods can often be boiled down to implementing a series of tensor contractions (generalization
of matrix multiplication to higher dimensions). The cost of performing a simulation using such a method
is then often dominated by how expensive it is to evaluate these tensor contractions on a computer.

The numeric cost of computing the result of tensor contractions is typically measured in so-called floating-
point operations (FLOPs). Therefore, a significant part of making a given method’s implementation
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efficient consists in trying to minimize the amount of FLOPs needed in the first place. To this end, there
exist two approaches:

e Minimize the FLOP count for the individual contractions

o Identifying intermediates that are used in multiple contractions so that they have to be computed
only once

If v is a vector and M is a matrix, then the first point can be illustrated with the example
Mvv! = (Mv)vl = M(vvT)

Due to associativity of matrix multiplications, all of the above expressions are equivalent in the sense
that they all compute the same result. However, if we first compute the matrix-vector product (which
results in a vector), we have to do a subsequent vector-vector multiplication. On the contrary, if we first
perform the vector-vector product (leading to a scalar), we are left only with multiplying the matrix by
a scalar. Since the latter requires less operations than the matrix-vector multiplication, choosing the last
option allows to compute the same result with fewer FLOPs. In the case of tensors, the FLOP savings
can easily be multiple orders of magnitude.

The identification of intermediates is the classic process of factoring out common factors across a sum
of products. For instance in

ABC + BCD + CDE = C(AB + BD + DE) = BC(A + D) + CDE

it is clear that by factoring out, certain products have to be computed only once, instead of multiple
times. However, the choice of which factors to factor out is not always unique (C' vs. BC' in the above
example) and choosing to factor out in a given way may prevent the use of the optimal order in which a
given individual product can be evaluated. For instance, if the FLOP-minimization for the product ABC
yields (AC)B, then neither BC nor C' can be factored out in the way shown above. In fact, forgoing
the possibility of factoring out a subexpression may still lead to an overall minimal FLOP count, simply
because the FLOP savings for any particular product can be so tremendous.

This shows that the two approaches to FLOP minimization are in fact tightly coupled to each other
and in order to have any chance at finding an optimal combination of factored-out subexpressions
and optimized evaluation orders for each product, both strategies have to be combined into a single
optimization algorithm.

The big challenge with such a global optimization algorithm is that the space of possibilities which it
(in principle) has to explore is extremely large (> 10'%). Therefore, approximate algorithms have to be
used, which only find reasonable good solutions instead of having a guarantee of finding the best solution
possible.
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